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Abstract. We construct a system of coherent states for the hydrogen atom that is expressed in
terms of elementary functions. Unlike the previous attempts in this direction, this system possesses
properties equivalent to most of those for the harmonic oscillator, with modifications due to the
character of the problem.

1. Introduction

In 1926 Schrödinger constructed the superposition of states for the harmonic oscillator,
afterwards called the system of coherent states (CS). It is parametrized by complex numbers and
possesses a number of remarkable properties: (a) in configuration space it may be expressed
in the closed form; (b) the evolution operator e−iHt transforms an arbitrary state of the system
into a state also belonging to the system; (c) each state returns to its initial value after a lapse of
time T = 2π/ω, i.e. the operator e−iHT maps each state onto itself; (d) each state of the system
moves classically, i.e. the expectation values of coordinates and momenta for an arbitrary state
have the same temporal dependence as those for the corresponding classical problem; (e) the
system of CS yields the resolution of the identity; (f) for each state of the system the uncertainty
�p�x attains its minimum possible value; (g) the system is invariant under the action of the
Heisenberg–Weyl group; (h) each state of the system is well localized in the configuration
space. These properties are considered in detail, for example, in [1]. The problem of the
generalization of this construction to other potentials appears naturally. One example of its
successful solution is a recent construction of the CS system for the one-dimensional Morse
potential [2]. Similar to the case of the harmonic oscillator, this CS system is parametrized by
the complex numbers, and the expectation values of coordinates and momenta are expressed in
terms of this parameter. This CS system obeys the conditions (a), (e), (h) and an analogue of the
condition (g) with some solvable group different from the Heizenberg–Weyl one. Meanwhile,
the problem of construction of CS for the hydrogen atom stated by Schrödinger is of significant
interest on its own. In this case we should justify the set of properties, the validity of which
we demand. For example, as the symmetry group of the hydrogen atom is SO(4, 2) [3], it is
natural to replace (g) by the condition (g′) invariance under the action of the SO(4, 2) group or
certain of its subgroups. Validity of the properties (b), (c) and (d) for the harmonic oscillator
is a consequence of the fact that its energy levels are multiples of the ground-state level. Then,
during the time taken to return the ground state to its initial value, all other states do so too. For
the hydrogen atom it is correct in some fictitious time variable rather than t [4]. This suggests
replacing the properties (b), (c) and (d) by: (b′) stability of the system under the evolution with
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respect to the mentioned fictitious time variable; (c′) if the fictitious time variable changes for
the fixed (independent of the state) value, then all states of the system return to their initial
values; (d′) during evolution with respect to the fictitious time variable the expectation value
of x circumscribes an ellipse. The property (f) also needs modification since the dispersions
�x�px and�r�pr are nonminimal, even for the ground state of the hydrogen atom. Instead
of (f), we can introduce the following criterion for extracting the states which are closest to
the classical ones [1]: (f′) the value of

�C2 = 〈ψ |C2|ψ〉 − gmn〈ψ |Xm|ψ〉〈ψ |Xn|ψ〉
is minimal for all the states of our system. Here Xm, gmn and C2 = gmnXmXn are the
generators of the symmetry group of our CS system, the Cartan tensor of this group and
its Casimir operator, respectively. Starting from the Mostowski (1977) paper [5], many
authors proposed various systems of states obeying different sets of the above properties.
Here we shall enumerate only exact results without pretending to completeness. Klauder [6]
constructed the CS system possessing the properties (b) and (e). In [7] it was shown that,
for these systems, one can satisfy the property (g′) for the SO(4) group. This approach was
criticized by Bellomo and Stroud [8], who showed that the properties (c), (d) and (h) fail to
be satisfied. Following the general Perelomov method [1], Mostowski [5] constructed the CS
system satisfying the property (g′) for the group SO(4, 2). De Prunele [9] considered the
properties of this system and showed that the property (a) is satisfied for circular orbits only
and the property (h) fails to be satisfied. Let us point out that this CS system is a particular
case of that for the space SU(N,N)/S(U(N)⊗U(N)) introduced by Perelomov to describe
the pair creation of bosonic particles of nonzero spin in the external field [1]. Starting from
the correspondence between the three-dimensional hydrogen atom and the four-dimensional
harmonic oscillator (see also [10] and references therein), Gerry [4] constructed the CS system
for the hydrogen atom as a direct product of two CS systems for the SO(3) group. For this CS
system the properties (b′), (c′), (d′) and (g′) for the SO(4) group are satisfied. The mentioned
correspondence naturally suggests to us using the basis numerated by ‘number operators’ [4].
Using the coordinate realization of this basis given in [3], in this letter we construct the CS
system obeying the properties (a), (b′), (c′), (d′), (f′), (g′) (for the SO(3, 2) group) and (h). In
the quasiclassical limit (i.e. for large 〈r〉) it passes into the usual plane wave, as it should for
the potential tending to zero at infinity.

2. Construction

It is well known [3] that the wavefunction of a hydrogen atom in parabolic coordinates

x + iy = ξηeiφ z = 1
2 (ξ

2 − η2) r = 1
2 (ξ

2 + η2)

is

〈x|n1n2m〉 = (−1)n1+ 1
2 (m−|m|) e

imφ

√
π

e− 1
2 (ξ

2+η2)

×(ξη)|m|
(
(n1 + |m|)!(n2 + |m|)!

n1!n2!

)−1/2

L|m|
n1
(ξ 2)L|m|

n2
(η2).

In comparison with equation (2.4) of [3] we have redenoted ξ → ξ 2, η → η2 and corrected a
misprint in the normalization factor. Let us consider the states

|λ1λ2〉 = c0

∞∑
n=0

∞∑
m=−∞

(λ1λ2)
1
2 (2n+|m|+1)

(
λ1

λ2

)m/2
|nnm〉 (1)
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where λ1, λ2 are the complex numbers and |λ1λ2| < 1. Using the formulae [11]
∞∑
n=0

n!

!(n + α + 1)
Lαn(x)L

α
n(y)z

n

= (1 − z)−1 exp

(
−z x + y

1 − z
)
(−xyz)−α/2Jα

(
2
(−xyz)1/2

1 − z
)

|z| < 1

∞∑
n=−∞

tnJn(z) = exp[(t − t−1)z/2]

we obtain

〈x|λ1λ2〉 = c0√
π

(u2)1/2

1 + u2
exp

(
r(u2 − 1) + 2iux

u2 + 1

)
(2)

where u is the vector with components

u =
(

i

2
(λ2 − λ1),

1

2
(λ1 + λ2), 0

)
. (3)

It is well known that the SO(3) transformations acting in the space of vectors |n1n2m〉
correspond to the usual rotations in configuration space. Then, acting on the vector |λ1λ2〉 by
the rotation which transforms the vector (3) into the arbitrary complex 3-vector of the same
length, we obtain the resulting state as a series of vectors |n1n2m〉 too; however, this series will
have a much more complicated form than (1). Then we shall consider u as an arbitrary complex
3-vector obeying the condition u2 < 1; we denote the corresponding state as |u〉 rather than
|λ1λ2〉. To represent (2) in a more compact form, we introduce the complex space-like unit
4-vector

lµu =
(

i
1 − u2

1 + u2
,

−2u

1 + u2

)
.

Then lu · lu = −1 (the analogous transformation takes place for the CS for the SO(4, 1) group
too [12]), and the light-like forward 4-vector

nµx = (r,x) nx · nx = 0 n0
x � 0. (4)

Then we can rewrite (2) in the form

〈x|u〉 = c0

2
√
π
(l2

u)
1/2 exp(ilu · nx).

From (4) it follows that the measure r−1 dV = 1
2 d(ξ 2) d(η2) dφ for the scalar product of

wavefunctions of the hydrogen atom [3] coincides with the Lorentz-invariant measure over the
light cone. Then it is easily seen that, for finiteness of the norm of the vector |u〉, the inequality

wu · wu = 1 − 2uu∗ + u2u∗2

|1 + u2|2 > 0 wµu = Im lµu (5)

should be satisfied. The vectors obeying this inequality compose the symmetric space [13]

SO(3, 2)/(SO(3)⊗ SO(2))  Sp (2,R)/U(2).

This space is that of the CS for the bosonic system of two degrees of freedom [1]. To clarify
their connection with those of the hydrogen atom, let us introduce two mutually commuting
sets of creation–destruction operators:

[aα, a
†
β] = [bα, b

†
β] = δαβ α, β = 1, 2

such as aα|0〉 = bα|0〉 = 0 at α = 1, 2, where |0〉 ≡ |u = 0〉 = |n1 = n2 = m = 0〉. Then the
arbitrary vector |n1n2m〉 may be obtained by some combination of the operators a†

α, b
†
α acting
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on the vector |0〉. Then we can define the representation of the SO(3, 2) group acting in the
space of vectors |n1n2m〉 in the following way [3]:

Lij = 1
2 (a

†σka + b†σkb) Li5 = − 1
2 (a

†σiCb
† − aCσib)

Li0 = 1

2i
(a†σiCb

† + aCσib) L50 = 1
2 (a

†a + b†b + 2)
(6)

where C = iσ2. These generators obey the commutation relations

[LAB,LCD] = i(ηADLBC + ηBCLAD − ηACLBD − ηBDLAC) (7)

where A,B, . . . = 0, . . . , 3, 5 and ηAB = (+1,−1,−1,−1,+1). In comparison with the
notation of Barut and Rasmussen [3] we suppressed the fourth coordinate, and the sixth
coordinate has traded places with the zeroth one. Let us introduce the new set of operators

Aα = 1√
2
(aα + bα) Bα = 1√

2
(aα − bα)

[Aα,A
†
β] = [Bα,B

†
β] = δαβ.

All other commutators vanish. Since the matrices Cσi and σiC are symmetric then the
generators (6) are the linear combination of generators of the Sp(2,R)  SO(3, 2) group:

Xαβ = AαAβ X
†
αβ = A†

αA
†
β Yαβ = 1

2 (AαA
†
β + A†

βAα)

and of those obtained from the ones above by replacingAwithB. Then the SO(3, 2) group acts
as a group of canonical Sp(2,R) transformations of each set (Aα,A†

α) and (Bα, B†
α) separately.

Putting wu = 0 by virtue of the Lorentz invariance for the normalization factor we obtain

|c0|2 = 1 − 2uu∗ + u2u∗2

|u2| . (8)

Then the normalized CS system is

〈x|u〉 = 1

π1/2
(wu · wu)

1/2 exp(ilu · nx).

3. Properties

It is well known that the generator L50 possesses the property [3]

L50|n1n2m〉 = (n1 + n2 + |m| + 1)|n1n2m〉.
Then, using (1) and (8) we obtain

eiεL50 |u〉 = eiϕ(ε)|ueiε〉. (9)

Then, due to the Lorentz invariance of our CS system, it follows from the commutation
relations (7) that this system is invariant under the action of the full SO(3, 2) group. The
generator L50 corresponds to evolution with respect to the fictitious time variable [4]. Then
the CS system we have constructed obeys the properties (b′) and (c′). Let us consider the
spatial distribution of the probability density of our CS. Denoting

w⊥
u = [(w1

u)
2 + (w2

u)
2]1/2 w1

u = w⊥
u cosαu w2

u = w⊥
u sin αu

we obtain

|〈x|u〉| = 1

π1/2
(w · w)1/2 exp[−(w0

u − w3
u)ξ

2 − (w0
u + w3

u)η
2 + 2ξηw⊥

u cos(φ − αu)].
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It is Gaussian with respect to the variables ξ and η separately and then the property (h) is
satisfied. Using the Lorentz invariance, it is easy to show that the equalities

〈u|nµx |u〉 = wµu

wu · wu

〈u|nµxnνx|u〉 = 4wµuw
ν
u − ηµν(wu · wu)

2(wu · wu)

(10)

hold. We define the expectation value of the variable f as

〈f 〉 = 〈u|rf |u〉
〈u|r|u〉 .

Here and in (10) we take the scalar product with the measure r−1 dV . Without loss of generality
we can consider u = (k + im)eiθ , where k,m ∈ R

3 and km = 0. Then using (10) and (5)
we obtain

〈x〉 = 2wu

wu · wu

= −4
(1 + k2 − m2)m cos θ + (1 + m2 − k2)k sin θ

1 − 2(k2 + m2) + (k2 − m2)2
.

In view of (9) from the above expression the property (d′) follows immediately. Let us
emphasize that, unlike the case of the harmonic oscillator, changing 〈x〉does not mean changing
the position of the probability density maximum. With arbitrary u this maximum is situated
at the point x = 0—at the centre of the ellipse. This is a result of the fact that, for arbitrary u,
the states with n1 = n2 = 0 dominate. For our CS system the property (f′) is satisfied. Indeed,
we can consider our CS system as that constructed using the general Perelomov method [1]
acting by the SO(3, 2) transformations onto the fiducial vector |0〉, since this vector has the
stationary subgroup SO(3)⊗ SO(2). Let us consider the stationary (up to multiplication by
the real constant) subalgebra B of this vector in the complexified Lie algebra Gc of the SO(3, 2)
group. The subalgebra B is composed of the generators Lij , Li5 + iLi6 and L56; together with
its conjugated subalgebra B the subalgebra B exhausts the full algebra Gc, i.e. the subalgebra
B possesses the so-called maximality property (in the case of the full conformal group this was
pointed out in [9]). On the other hand, for an arbitrary Lie group the property (f′) is satisfied if
we construct our CS system starting from the fiducial vector which has the maximal stationary
subalgebra in the Lie algebra Gc [1]. It is well known that the Shilov boundary of the space
Sp(2,R)/U(2) is S1 × S2 [13]; the passage to it may be performed by putting u → qeiβ ,
where q is real and q2 = 1. Then it is readily seen that wµu → 0 and from (10) we obtain

〈r〉 = 2w0
u

wu · wu

→ ∞.
Then passage to the Shilov boundary corresponds to the quasiclassical limit. In such a case the
particle motion should become free; indeed, putting c0 = 1 and β = 0 we obtain |u〉 → eiqx,
i.e. the plane wave for a particle of unit mass.

I am grateful to Yu P Stepanovsky for helpful discussions and for drawing my attention to [3],
and to A A Zheltukhin for sending me a copy of [10].
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